Supervised Machine Learning and
Learning Theory

Lecture 10: Random forests, boosting

October 8, 2024




Warm-up questions

* Could you explain why LASSO can perform hard thresholding on small
model coefficients?

* How does the ridge penalty affect model coefficients compared to OLS?

* When we apply LASSO/ridge, do we apply them to the intercept term or
not? Explain the reason for that

* What’s the key idea behind building a decision tree?




Warm-up questions

e How could we reduce the number of terminal nodes in a decision tree?

* Explain the high-level idea behind bootstrap




* Bagging




Motivation

* Example: Predicting a baseball player’s salary; split the training data into
two equal-sized parts at random creates disparity

CHits < 417 CAtBat;< 1283
1
CRBI k 55.5 CRBI  307.5
CRuns|<90.5 Walks < 61
4564 5.254 ; ts AtBat £ 377.5
cRrBI k 24.5 ‘ PutOuth < 211 CWalks|< 415.5 Hits <PURHIETABER < 1565
' i 5.842 6.303 6.053 5.433
5.545 Hits < 95-5; chpy 6672 7205 6 136 Yearg:%i“bm 3y< 603
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Bagging
* Bootstrap aggregation: Bagging 1s a way to reduce such variance

* Example: Estimate the mean of Z

7 1.03 i
Z =191
Z, 1.56 2
0% 1
Z3 237 Var(Z) = — =z =022
Z, 2.13 n
Ze 2 47 Data generating process: Z~N(2,1)




Toy example

* Suppose we have many independent sampling of datasets

Dataset 1 Dataset 2 Dataset 3 Dataset 4
Zf) 1.03 Z§2> 3.44 Z§3> 013 Z§4> 0.94
Zél) 1.56 Z§2> 3.06 Z§3> 2.28 Z§4> 1.84
Z§1> 2.37 ngZ) 2.42 Z§3> 2.09 Z§4> 1.92

(1) (2) 3) (4)
z¢ 2.13 z¢ 2.40 z¢ 2.72 z! 2.49
Zél) 2.47 Z§2) -0.78 Z§3) 1.40 Z§4) 237

7MW =191 73 =211 73) =167 7 =191

Var(Z(D) = 0.2 Var(Z®) = 0.2 Var(Z®) = 0.2 Var(Z®) = 0.2

_ _ _ _ _ _ 0.2
Zagg = (@D +Z@ +7® +7®) /4 = 1.90 Var(Zagg) = = 0.05




Toy example

* In practice, we only have one training dataset

* How can we create many datasets?

Sample #1 7, 1.03 Sample #3 Ze 2 47

Z, 1.56 Z, 1.56

Zq 1.03 Z3 2.37

21 105 Sampling with Zs 247 Z 1.56

Z, 1.56 replacement Z, 213 7, 1.03
Zs 2.37 —

Z4 213 Sample #2 Z, 213 Sample #4 Z 2.47

Zs 2.47 Z 1.03 Zs 2.37

Zs 2.37 Zs 2.37

Z, 1.56 A 1.03

Z, 2.37 Z, 1.56




Toy example

* Estimate the mean on each bootstrap sampling set

Sample #1 A 1.03 Sample #3 Zc 247
Z, 1.56 Zy 1.56
Z 2.47 Z1) =193 7 2.37 Z(3) =1.80
Zs 2.47 Zy 1.56
Zy 2.13 Zy 1.03
Sample #2 Zy 2.13 Sample #4 Zs 2.47
A 1.03 Z3 2.37
Z3 2.37 Z(2) =1.89 Z5 2.37 Z*) =196
Z, 1.56 Z4q 1.03
Z3 2.37 Z, 1.56




Toy example

o Average all estimates
7MW =193 72 =1.89 Z3) =1.80 7M =196

Zyag = (ZM +Z@) +Z3) +7®)) /4 = 1.90

* This 1s called bagging (bootstrap aggregating)

* Bagging amounts to averaging the fits from B independent datasets,

. . 1
which would reduce the variance by a factor -




Bagging for decision trees

* Estimate a decision tree model f(x) using bootstrap
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Bagging for decision trees

* Estimate a decision tree model f(x) using bootstrap

Sample #1
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X2 ¢
X4 Y
Xs Ys
X, Y,
Sample #2
Xy Y,
X1 il
X3 Y3
X3 ¢
X3 Y
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X7 Y

300

f2)




Bagging for decision trees

* Average all the predictions
fr() f2(x) 3 () f4(x)

CCCCCCCCC
T

CRunp <91 Hits <[117.5
‘ CCCCCC <7205
CAtBat|< 523.5 Hits £ 116
CRunk < 17 rBId615 I_ | 4.766 5.447 CRBI|< 241 Atatl< 154
6.084
CRBI k 55.5 4561 5.254 CRBI 43425 5.509
6.315 6.226 6.765 6.119 l__| 5.688 6.885
6.680 4573
4538 5.269 6.370 7.034

. 1 . . . .
frag(x) = Z(fl(x) +f2() + 3 (x0) + f*(x))

* If we have B bootstrapped samples, fbag (x) = % (FLC0) + £200) + -+ FE(x)




Example

“ AtBat Hits HmRun Runs RBI Walks Years CAtBat CHits CHmRun CRuns CRBI Cwalks League Division PutOuts Assists Errors Salary NewLeague
-Andy Allanson 293 66 1 30 29 14 ik 293 66 1 30 29 14 A E 446 33 20 A

A~ A "3 A
fH(x) f2(x) f7 () fH()

B i k 116 CRunk <91 its <|117.5 7205 ks < 64
AtBat < 52: it 1
CRunk < 17 RBI 461.5 [oAballe 5235 = T
[ AtBat|< 154 6.364 6.961
CRBIK 555 4861 5954 4.766 5.447 CRBI|< 241 5500
CRBI § 342.5 6.084
6.315 ‘ 6.226 6.765 6.119 !
4.538 5.269 6.370 7.034 5.688 6.885 6.680 4573

fl(x) = 4.538 f2(x) = 4.561 f3(x) = 4.766 f4(x) = 4.573

fpag(®) = %(fl(x) +F200) + F2(x0) + f4(x)) = (4.538 + 4.561 + 4.766 + 4.573) /4 = 4.6095

If the problem i1s classification, how would we aggregate the predictions?




Example

Example: Predict whether a patient with

0.30

chest pain has heart disease based on age,
cholesterol, etc
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0.25
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Dash line: Single tree

Bagging outperforms a single decision tree
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The number of trees B does not matter
after some threshold (in practice, B = 100
is sufficient when error has converged)
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Cross-validation

* Cross-validation: To estimate the test error of a bagging estimate. How
should we perform cross-validation with bootstrap?
* Each time we draw a bootstrap sample, we only use 63% of the observations

e Use the rest of the observations as a holdout set




Out-of-bag error

e Idea: Use the rest of the observations as a holdout set
* Out-of-bag (OOB) error: For each sample X;, find the prediction )7l-b for all

bootstrap samples b which do not contain X;

* Around 0.37B of them. Average these predictions to obtain YiOOb

* Example: For the observation X4, predict 1741’ )
?40019 — (?43 + ?44)

2
Y41 ?42 ?43 ?44
Sample #1 Sample #2 Sample #3 Sample #4
%1 Y X4 Y, X Ys Xs Ys
X, Y, X Y, X, Y, X3 Y;
X1 Y X3 Y3 X3 Y X3 Y;
Xs Ys X, Y, X, Y, X1 Y;
X, Y, X3 Y3 X Y X, Y,




Out-of-bag error
e Step 1: For each sample X;, find the prediction ¥? for all bootstrap samples b which
do not contain X;. These should be around 0.37B of them. Average to obtain ¥,2°?
* Step 2: Compute the error (¥; — ¥,29P)?
* Step 3: Average the errors over all observations i = 1,---,n

. Example:%((Yl _ ?10019)2 + (Y, — ?Zoob)z + o4 (Vs — YSOOb)Z)

Sample #1 Sample #2 Sample #3 Sample #4
X Y Xy Y, Xs Ys X5 Y5
X, Y, X Y, X Y, X3 Y;
X Y X3 Y3 X3 Y3 X3 Y;
Xs Ys X, Y, X Y, X1 Y;
X4 Y, X3 Y3 X Y X, Y,




Feature importance

* For each predictor, add up the total * Example: Predicting heart disease
amount by which the RSS (or Gini index) es |
. . : RestECG .
decreases in every split of the predictor -
* Average the amount over all bootstrap > |
. lope -
estimates T1, -+, T8 co [
oo [
RestBP _
varrr [
oupea |
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o
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o -
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Feature importance
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Bagging has a problem

* The trees produced by different bootstrap samples can be very similar:
Three decision trees first split by CAtBat

f1(x) f200) f3 () €3

CAiBal< 1247 CAiBal,< 1296 CAiBa< 1453 CRuns < 207
T
CAtBatk 523.5 Hits & 116 CRun < 91 Hits <|117.5 CAtBat< 720.5 Walks < 64
a . Its
CRun <17 RBI 4615 ]
CRBIK 55.5 4561 254 4.766 5.447 CRBll 241 AtBat|< 154 6.364 6.961
. 56 5.25 CRBI 4 342.5 5.509
6.315 6.226 6.765 6119 6.084

4.538 5.269 6.370 7.034 5.688 6.885 6.680 4.573




e Random forest




Random forests

* Random forests: Bagging + random sampling of features
* Tit a decision tree with each bootstrap sample
* To fit a tree, select a random subset of m < p predictors to consider in each step
* Lead to different trees from each sample

* Finally, average the predictions of all trees




Random forests

Random forests to predict a baseball playet’s salary: p = 19, m = 5
* Xj j: Jth predictor of observation i

Sample #1

Sample

X1,4- X1,17 X1,9 X1,6 Xl,l Yl
X2,4- X2,17 X2,9 X2,6 X2,1 YZ
X1,4- X1,17 X1,9 X1,6 Xl,l Yl
Xs4 | Xs17) Xs9 | Xs6 | X51| Y5
X4-,4- X4-,17 X4-,9 X4-,6 X4-,1 Y4-
H2

X4-,16 X4-,5 X4-,19 X4-,18 X4-,1 Y4-
X1,16 X1,5 X1,19 X1,18 X1,1 Yl
X3,16 X3,5 X3,19 X3,18 X3,1 Y3
X2,16 X2,5 X2,19 X2,18 X2,1 YZ
X3,16 X3,5 X3,19 X3,18 X3,1 Y3

CHits,< 316
f

1)

AtBat

6.315

Sample #3

f200)

PutOuts|

5.524

Xse | Xsa| X51 | Xsa | Xsg | Vs
Xo6 | X214 X201 | X2a | X258 | V2
X36 | X314 X31 | X34 | X358 | V3
Xo6 | X214 X201 | X2a | X258 | V2
126.5 AtBat ¢ 426.5
GHits 1359 6.157 6.637 X1,6 X1'14_ X1'1 X1'4_ X1,8 Yl
4.501 5.231
Sample #4
RBlﬁl49.5
Xs17| Xse | Xs13| Xss | Xs7 | Ys
X317 X36 | X313 X35 | X37 | V3
X317 X36 | X313 X35 | X37 | V3
X117 X16 | X113 X5 | X17 | Y2
< 399.5 PutOuts| < 228.5

5.630

6.683

6.450

CAtBat,< 1453
T

300

CAtBat|< 696.5

4.774 5.452

AtBat|

< 367

6.011

CWalks < 115
t

CAtBat

6.006

f2)

Walkg < 7.5

CWalkg < 54.5

6.568

4.530

5.382

6.312

Walk

1779.5

<64

6.781

6.901



Random forests

Average the predictions of all trees

10 f2(x) f3 () f4(x)

CAtBat < 1247 CAtBat < 1296 CAtBat < 1453 CRuns < 207
T T 1 T

CRunpg <91 Hits <[117.5 CAtBat|< 720.5 Walks < 64

CAtBat|< 523.5 Hits £ 116

CRunp <17 RBI461.5

AtBat|< 154 6.364 6.961
5.509

4.766 5.447 CRBI|< 241

CRBI k 55.5 4.561 5.254 CRBI § 342.5 6.084

6.315 6.226 6.765 6.119
4.538 5.269 6.370 7.034 5.688 6.885 6.680 4573

. 1 . . . .
JrrG) =2 (P10 + 7200 + £700) + 1*(x)

Morte generally, if we have B bootstrapped training datasets, f,(x) = %(f L)+ f2(x) + -+ fFB(x)




1)
Bagging

CAtBat < 1247
}

CRunp <17 RBI461.5

CRBI k 55.5
6.315 6.226 6.765

4.538 5.269
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CHits < 316
f

AtBat

6.315

126.5
CHits § 135.5

4.501 5.231

AtBat

6.157
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Bagging vs.

f2(x)
Bagging

CAtBat < 1296
1

CAtBat|< 523.5 Hits £ 116

4.561 5.254 CRBI ¢ 342.5

6.119
6.370 7.034

Random forests

RBI 5495
1

PutOuts < 399.5 PutOuts| < 228.5

5.524 6.463 RBI471.5
6.683

5.630 6.450

random forests

£3(x)
Bagging

CAtBat < 1453
t

CRunp <91 Hits <[117.5

4.766 5.447 CRBI|< 241
6.084

5.688 6.885

Random forests

CAtBat,< 1453
}

fHx)
Bagging

CRung <207
1

CAtBat|< 720.5 Walks < 64

AtBat|< 154 6.364 6.961
5.509

6.680 4573

Random forests

CAtBat

4774

< 696.5

5.452

6.011

AtBat|

< 367

CAtBat £ 1779.5

6.006 6.781

CWalks < 115
i
Walkg < 7.5 Walks < 64
CWalkg < 54.5
6.568 6.312 6.901
4530 5.382



Bagging vs. random forests

* Random forests outperform Bagging

0.30
|

0.25
|

Error
0.20
|

0.15
|

—— Test: Bagging
Test: RandomForest
—— OOB: Bagging
OOB: RandomForest
T T T T T T T
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Choosing m in random forests

* Example: Predict cancer type (either normal or 1 of 14 different types of

cancer) based on 500 genes

m=p
m=p/2
— m=\p

0.5
|

* Error rate of a single tree: 45.6%

0.4

0.3
|

* Using 400 trees is sufficient

Test Classification Error

0.2

* m (# of features per tree) is a tuning parameter

[ [ [ [ [ I
0 100 200 300 400 500

Number of Trees




* Gradient boosting

* AdaBoost




Gradient boosting

* Random forests involve a lot of randomness and requires fitting many
decision trees

* Gradient boosting uses less randomness
* Trees are grown sequentially using the remaining features from previous trees
* Each tree 1s fit on a modified version of the original data

* Related to partial least squares

* Gradient boosting 1s also more scalable




Digress: Gradient descent

e An iterative approach to minimize a loss function

* Given a function f with parameters 0, at iteration ¢

Ocy1 =0 —1-Vf(6:)

* 1) 1s a learning rate

* B is total number of iterations




Back to gradient boosting
e Step 1: Set f(x) = 0,and 1, = y; fori=1,,n

* Step 2: For b = 1, -+, B, iterate:
* Fit a decision tree f b with d splits to the response 1q, **+, 1,
* Update the prediction to

fO) <« fO)+2fP(x)
* Update the residuals
1 —Af b(xl)

T

* Step 3: Output the final model
Fo) = Z 2f7()




X1 Y,
X3 Y
X3 Y
X4 Y
X5 Yy
10 CABate 1452

5.0

6.464

Gradient boosting

rt <Y —Af1(X)

X4 i
X ry
X3 r3
X4 7y
Xs s
fz ) Assists < 2225

0.04544

-0.1642

rf e —2Af2(X)

FOO =Af100) + Af2(x) + +Af3(x) + -+ Af B (x)

X1 r{
X 7‘22
X3 rs
Xy 7”42
Xs s
f"3 (%) RBI < 14.5

0.29520

-0.0




Hyperparameters

* The number of trees B
* Boosting can overfit if B is too large (a.k.a. )

e Use cross-validation to select B

* The learning rate A
* Typical values are 0.01 or 0.001

* Very small A requires a large B to achieve good performance

* The number of splits/depth d in each tree, e.g., d = 1




Boosting vs. random forests

Example: Predict cancer type (either normal or 1 of 14 different types of
cancer) based on 500 genes; A = 0.01

0.25
|

Boosting: depth=1
Boosting: depth=2
—— RandomForest: m={p

* Depth-1 trees outperform depth-2 trees

0.20
|

Test Classification Error

* Both outperform random forests

0.05
|
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AdaBoost

* Training a boosted classifier
* For example, Y € {—1,1}

. : 1 A 2

Initial weight Error = gi I(fX) £Y) = z
X, Y, 1/5 i
X Y 1/5 11 1—TotalEr1"or_1l 1—2/5_0088
X3 Ys 1/5 2 %% Total Error 2 ° 2/5
X Y 1/5
X4 Y4 1;5 Increase sample weight for the sample that was incorrectly classitied

> > Decrease sample weight for the sample that was correctly classified
Fitted tree f1(x)

Correctly predict all samples besides Y3 and Y5




Y e {-1,1}

Initial weight

X4 Y; 1/5

X5 Y, 1/5

X3 Y3 1/5

Xy Y, 1/5

X5 Ys 1/5
Fitted tree f 1(x)
Correctly predict all

samples besides Y3 and Y5

AdaBoost

1. 1-—Total Error 1 1—-2/5
—log = —log

2 Total Error 2 2/5 = 0.088

Increase the sample weight for the sample that was incorrectly classified

New sample weight = sample weightX exp(Amount of stay)

1
New sample weight = < X exp(Amount of stay) = 0.2184

Decrease the sample weight for the sample that was correctly classified

New sample weight = sample weightX exp(—Amount of stay)

1
New sample weight = EX exp(—Amount of stay) = 0.1831



AdaBoost

Initial weight New weight
X3 Y; 1/5 X3 Y; 0.1831
X5 Y, 1/5 Update weight X5 Y, 0.1831
X4 Y, 1/5 X4 Y, 0.1831
X5 Ys 1/5 X5 Ye 0.2184
- F1
Fitted tree f7(x) Sum of the weights = 0.9862 # 1

Correctly predict all samples besides Y3 and Y5




AdaBoost

Initial weight New weight
X, Y, 1/5 X, Y, 0.1831/0.9862
X, Y, 1/5 | Updare weight X, Y, 0.1831/0.9862
X Y, 1/5 | ey | X Y, 0.2184/0.9862 | el
X, Y, 1/5 X, Y, 0.1831,/0.9862
X Y, 1/5 Xe Y, 0.2184/0.9862
Fitted tree f1(x) Fitted tree f2(x)

Correctly predict all samples besides Y3 and Y5

Predict the most likely class: f (x) = Sign(zgzl Ay fP (x))




Announcements

* Reading material: Chapter 8 (in particular, Chapter 8.2/8.3), ISL.P

* HW1 grading will be released by this Friday




