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Overarching goal: an information-theoretic measure of modern AI models

AI models have found applications across assistive driving, multi-modal

generation, speech recognition, coding, math, predicted for massive automation

GPT-3 and scaling laws [BMR+20]: One of the earliest �ndings is that large

transformer models trained to predict next tokens on massive corpus show

impressive adaptivity to downstream tasks
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• Generalization in over-parameterized models [ZBH+21]: From a

theoretical perspective, deep nets such as ResNet, BERT have more

parameters than labels to memorize training dataset

• The notion of entropy for measuring information in a language dates back

to classical work by Claude Shannon [Sha48]. Applying entropy to N-gram

statistics provides one of the �rst information measure in text
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Part I: A Hessian view of generalization in supervised fine-tuning (SFT)

Problem setup: given a hypothesis space of neural nets ffW g and a �ne-tuning

range, how do we quantify generalization gap L(fW )� L̂(fW )?

• Training loss: given n samples from distribution D, (x1; y1); : : : ; (xn; yn),

L̂(fW ) = 1
n

Pn
i=1 ‘(fW (xi ); yi )

• Test loss: expected risk over D, L(fW ) = E(x;y)�D [‘(fW (x); y)]

Related literature

• Rademacher complexity and uniform convergence [BFT17]

• Neural tangent kernels: Characterize neural net features with a kernel

map [ADH+19]

• Implicit regularization: Implicit bias of the learning algorithm [Var23]

(e.g., driven by a special initialization [LMZ18])

• Benign overfitting and double-descent [BHM+19]: Random-matrix

characterization of min-norm interpolators [BLL+20]

• See textbook by Tong Zhang [Zha23] (UIUC) for references

This talk: A Hessian view of generalization in SFT [JLZ22; JLS+23; ZLJ24]
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Parts II-III: Applying this Hessian view to model interpretability, LLMs, RL,

and beyond

RL (reasoning) vs. SFT: DeepSeek-R1 team [GYZ+25] argues that RL allows

models to discover potential reasoning paths beyond SFT memorization (see

also a theoretical perspective by [WSS+25])
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• Connection to RL: Performing agentic tasks (cf. WebArena [ZXZ+23])

• Strategyproof RLHF: Ensure safety in online platforms and data vendors
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and beyond

RL (reasoning) vs. SFT: DeepSeek-R1 team [GYZ+25] argues that RL allows

models to discover potential reasoning paths beyond SFT memorization (see

also a theoretical perspective by [WSS+25])

• Connection to RL: Performing agentic tasks (cf. WebArena [ZXZ+23])

• Strategyproof RLHF: Ensure safety in online platforms and data vendors

Present a Hessian-guided approximation approach to study task attribution

[ZDZ26], LLMs [ZZL+25b], RL optimization [ZDY+26], and strategyproofness
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Robust fine-tuning by measuring the
Hessian spectrum
ICML 2022 [JLZ22]; TMLR 2024 [ZLJ24]; NeurIPS Workshop 2025 [ZZL+25a]

Zhenshuo Zhang Haotian Ju Dongyue Li



Supervised prediction

Problem setup: Given n training samples, an l-layer deep net outputs a

representation such as

fW (x) �l

�
: : : �3

�
W3�2

�
W2�1(W1x)

���
SFT via a PAC-Bayes analysis [JLZ22]

• P = N (W (0); �2 Id): prior distribution centered at initialization weights !
Pretrained model (e.g., Qwen3-8B, Llama-3.2-3B, DeepSeek-R1)

• Q = N (W (T ); �2 Id): posterior distribution centered at trained weights !
Fine-tuned model (e.g., via chain-of-thought, DPO alignment)

• PAC-Bayes bound: With probability at least 1� � for any � 2 (0; 1)

E
W�Q

[L(fW )] � 1

�
E

W�Q

h
L̂(fW )

i
+

KL(QjjP) + log(��1)

2�(1� �)n
(1)

Proof via moment-generating functions and variational inequalities

Interpretation: If the �ne-tuned model does not move the weights too far from

their initialization, it is less prone to over�t, and this is captured by the KL

divergence term
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Illustrating the Hessian approximation

Taylor’s expansion of the perturbed loss

Let

‘Q(fW ) = E
W�Q

[‘(fW )] = E
U�N (0;�2 Id)

[‘(fW+U )]

We have

‘Q = E
U

[‘(fW+U )] = ‘(fW ) +
�2

2
Tr
h
r2‘(fW )

i
| {z }
Hessian regularization

+O(�3) (2)
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Figure 1: Illustration of the Hessian approximation in equation (2), measured on

various fine-tuned networks. �: standard deviation of Gaussian noise injected
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Non-vacuous generalization bounds by measuring the Hessian trace

Uniform convergence of the Hessian operator

Assuming the Hessian operator r2‘(fW (�); �) is C -Lipschitz-continuous on W

for some constant C > 0, the trace operator satis�es uniform convergence

within a bounded hypothesis space

7
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Figure 2: The Hessian-trace measure accurately correlates with empirical

generalization errors for seven fine-tuning methods, including early stopping, ‘2 weight

decay, label smoothing, mixup, sharpness-aware minimization
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Figure 2: The Hessian-trace measure accurately correlates with empirical
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Similar results and observations also hold for chain-of-thought �ne-tuning!
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Applying Hessian regularization to mitigate grokking

Grokking is a delayed generalization phenomenon in modular arithmetic tasks,

such as a + b (mod p)

• A model (e.g., a transformer) �rst achieves 100% training accuracy, while

test accuracy remains low

• After many more training epochs, test accuracy increases

Hessian regularization via noise injection: Instead of minimizing the loss ‘,

minimize the perturbed loss

‘Q = E
U�N (0;�2 Id)

[‘(fW+U )] ;

leading to the following SGD update

W  W � �rW ‘(fW+U (x); y)
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Illustration of grokking in modular arithmetic

Figure 3: Comparing the training curves of transformer models for modular arithmetic

tasks using weight decay (with varying levels indicated by �), and Hessian

regularization (via noise injection)

Finding I: Hessian regularization stabilizes the training curves and reduces the

number of grokking steps

9



Practical implication: Capturing invariance in math reasoning

Finding II: The loss surface becomes exceptionally 
at (low Hessian values)

speci�cally along label-invariant directions

Figure 4: Model generalizes with Hessian regularization. The loss surface becomes

flatter along label-invariant directions (blue bars) than random directions (yellow bars)

Invariant direction: for an input x = (a; b) in a + b (mod p), a transformation

g(x) = (a + k) + (b � k) (mod p), an invariant direction is given by g(x)� x

10



Kernel methods for LLMs and task
attribution
EMNLP 2025 [ZZL+25b]; ICLR 2026 [ZDZ26]

Zhenshuo Zhang Ziniu Zhang Minxuan Duan



Problem setup

Designing kernel models to scale these insights to LLMs and task attribution

Task attribution: quantifying the in
uence of individual training tasks on

model performance

In-context learning

Given k examples and a query, ((x1; y1); : : : ; (xK ; yK ); xquery), output yquery

((1 + 2; 3); (2 + 4; 6); : : : ; (1 + 4; 5); (3 + 4; ?))| {z }
A

! 7|{z}
B

• Query set: SQuery =
n

(xQuery
i ; yQuery

i )
onQuery

i=1

• Demonstration set: SDemo =
�

(xDemo
i ; yDemo

i )
	nDemo

i=1

How does adding or removing one example in the prompt a�ect the LLM’s

answer?
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Methods

Leave-one-out (LOO): To compute the LOO scores for K samples (or tasks),

we need to perform inference (or train models) for K + 1 times

Influence functions (IFs) [KL17]: Alternatively, we could train models once,

and then compute the IFs

• Let ‘i (fW ) denote the loss for the i-th sample for a model fW , the

in
uence function measures how adding/removing one sample a�ects i as

Ii =

 
KX

i=1

rW ‘i (fW )

!"
r2

W

KX
i=1

‘i (fW )

#�1

rW ‘i (fW );81 � i � K

• Computing I1; : : : ; IK again requires repeated Hessian-inverse

approximations

Data attribution [IPE+22; PGI+23]: Instead, estimate a surrogate model or

function from every subset of tasks to their joint training outcomes
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Surrogate modeling

Linear surrogate models [LNZ23]

1. Let D denote a distribution of subsets supported on f0; 1gK such as the

Binomial distribution with sampling probability p (e.g., p = 1=
p

K).

Sample n random subsets from D: S1;S2; : : : ;Sn, evaluate their subset

training outcomes as ‘(S1); ‘(S2); : : : ; ‘(Sn)

2. Let � = (�1; � � � ; �K ) 2 RK and de�ne the linear surrogate function as

g�(S) =
X
s2S

�s

3. Estimate �̂ by minimizing the mean-squared reconstruction error

1

n

nX
i=1

(g�(Si )� ‘(Si ))2 (3)

4. �̂i captures relevance between i (for every 1 � i � K) and the test function

Linear surrogate models have shown superior performance in practice for

measuring data/task in
uence, but their workings are not well-understood
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In
uence functions () Linear surrogate models

A uni�ed weighting setup [ZDZ26]

ˆ Let s = [s 1; � � � ; sK ]> 2 � K�1 , and L̂(fW ; s) =
P K

k=1 sk `k (fW )

ˆ First minimize over W , then evaluate the model on a test set, leading to a
test metric F (s)
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ˆ Let s = [s 1; � � � ; sK ]> 2 � K�1 , and L̂(fW ; s) =
P K

k=1 sk `k (fW )
ˆ First minimize over W , then evaluate the model on a test set, leading to a

test metric F (s)

Linear surrogate models are approximately equal to in
uence functions

ˆ ~I  [I 1(s? ); I 2(s? ); : : : ; I K (s? )]> = r sF(s? ), with s? = [1] K

ˆ �̂  Linear surrogate model coe�cients (cf. equation (3))

W.h.p. over the randomness of S1; S2; : : : ; Sn,






 �̂ � ~I






 � O

� 




 r 2

sF(s? )







2

p
K

�
+ O

 r
K
n

!

;

which is near-zero when second-order interaction e�ects r2sF(s? ) � 0

Idea: apply delta method | a technique for approximating the distribution of
a smooth function of an estimator using Taylor expansion
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Kernel surrogate models

Linear surrogate models do not capture nonlinear task interactions such as
synergy, antagonism, XOR, or quadratic-type relationships

Kernel surrogate models: Regression coe�cients (� i )n
i=1 , kernel function

k : X � X ! R (e.g., radial basis function (RBF) kernel)

g� (s) =
nX

i=1

� i k
�
s(i ) ; s

�
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Kernel surrogate models

Linear surrogate models do not capture nonlinear task interactions such as
synergy, antagonism, XOR, or quadratic-type relationships

Kernel surrogate models: Regression coe�cients (� i )n
i=1 , kernel function

k : X � X ! R (e.g., radial basis function (RBF) kernel)

g� (s) =
nX

i=1

� i k
�
s(i ) ; s

�

Residual error Linear RBF
CIFAR-10 4:4�0:9 1:0�0:0

Modular arithmetic 4:6�1:3 1:5�0:4

In-context learning 0:8�0:2 0:4�0:1

Multi-objective RL 0:2�0:1 0:1�0:1

Figure 5: Illustrate linear vs. kernel models on a decision boundary. Using the RBF
kernel gives more accurate �t than linear surrogate models
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E�cient estimation

Estimating kernel ridge coe�cients is sample-expensive; Instead, apply a
gradient-projection trick [ZZL+25b; ZDZ26]

ˆ Pre-compute gradients and functional values at a pretrained model W?

ˆ Only use pre-computed gradient features to estimate `(Si ); 8Si

Gradient estimation for binary classi�cation

1. Minimize the log-loss of an input (x; y) pair on a neural network fW

`(f W (x); y) = log (1 + exp (�yf W (x)))

2. Approximate fW (x) with �rst-order Taylor's expansion

^̀(f W ) = log

0

B
@1 + exp

0

B
@�y( f W ? (x)

| {z }
func: value

+h r W fW ? (x)
| {z }

precomputed grad:

; W � W ? i)

1

C
A

1

C
A

3. Estimate W on the combined data D(Si ) from all the tasks of Si

min
W

X

(x;y)2D(S i )

^̀(f W (x); y)

17



E�cient estimation

Estimating kernel ridge coe�cients is sample-expensive; Instead, apply a
gradient-projection trick [ZZL+25b; ZDZ26]

ˆ Pre-compute gradients and functional values at a pretrained model W?

ˆ Only use pre-computed gradient features to estimate `(Si ); 8Si

Gradient estimation for binary classi�cation

1. Minimize the log-loss of an input (x; y) pair on a neural network fW

`(f W (x); y) = log (1 + exp (�yf W (x)))

2. Approximate fW (x) with �rst-order Taylor's expansion

^̀(f W ) = log

0

B
@1 + exp

0

B
@�y( f W ? (x)

| {z }
func: value

+h r W fW ? (x)
| {z }

precomputed grad:

; W � W ? i)

1

C
A

1

C
A

3. Estimate W on the combined data D(Si ) from all the tasks of Si

min
W

X

(x;y)2D(S i )

^̀(f W (x); y)

17



E�cient estimation

Estimating kernel ridge coe�cients is sample-expensive; Instead, apply a
gradient-projection trick [ZZL+25b; ZDZ26]

ˆ Pre-compute gradients and functional values at a pretrained model W?

ˆ Only use pre-computed gradient features to estimate `(Si ); 8Si

Gradient estimation for binary classi�cation

1. Minimize the log-loss of an input (x; y) pair on a neural network fW

`(f W (x); y) = log (1 + exp (�yf W (x)))

2. Approximate fW (x) with �rst-order Taylor's expansion

^̀(f W ) = log

0

B
@1 + exp

0

B
@�y( f W ? (x)

| {z }
func: value

+h r W fW ? (x)
| {z }

precomputed grad:

; W � W ? i)

1

C
A

1

C
A

3. Estimate W on the combined data D(Si ) from all the tasks of Si

min
W

X

(x;y)2D(S i )

^̀(f W (x); y)

17



E�cient estimation

Estimating kernel ridge coe�cients is sample-expensive; Instead, apply a
gradient-projection trick [ZZL+25b; ZDZ26]

ˆ Pre-compute gradients and functional values at a pretrained model W?

ˆ Only use pre-computed gradient features to estimate `(Si ); 8Si

Gradient estimation for binary classi�cation

1. Minimize the log-loss of an input (x; y) pair on a neural network fW

`(f W (x); y) = log (1 + exp (�yf W (x)))

2. Approximate fW (x) with �rst-order Taylor's expansion

^̀(f W ) = log

0

B
@1 + exp

0

B
@�y( f W ? (x)

| {z }
func: value

+h r W fW ? (x)
| {z }

precomputed grad:

; W � W ? i)

1

C
A

1

C
A

3. Estimate W on the combined data D(Si ) from all the tasks of Si

min
W

X

(x;y)2D(S i )

^̀(f W (x); y)

17



Multi-objective, strategyproof
reinforcement learning from human
feedback
AAAI 2026 [ZDY+26] (+working papers)

Zhenshuo Zhang Minxuan Duan



Problem setup

Trajectory-level data arise from a
variety of applications in robotics,
control, RL reasoning, RLHF, LLM
agents, digital platforms

Problem setup: Multi-objective
Markov decision process (MOMDP)
T = (S; A; P; P 0; r ; 
). There are
m objectives given by r 2 Rm, who
share the same state space S and
action space A but di�erent reward
feedback. A trajectory consists of

� (t) = (s (t)
0 ; a(t)

0 ; r(t)
0 ; : : : ; s(t)

H ; a(t)
H ; r(t)

H )
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Figure 6: Visualize the objective space
returns (r1; r2) for policies optimized under
varying preference weights w 2 [0; 1] in
three canonical regimes: Pareto frontier of
clustered vs. con
icting objectives.
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Figure 6: Visualize the objective space
returns (r1; r2) for policies optimized under
varying preference weights w 2 [0; 1] in
three canonical regimes: Pareto frontier of
clustered vs. con
icting objectives.

Applications: Multi-objective optimization, adversarially-robust planning
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Ongoing results

1. The optimal (ensemble) policy follows a routing/MoE mechanism
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1. The optimal (ensemble) policy follows a routing/MoE mechanism

2. Strategic preference reporting: Can agents bias feedback to steer the
policy? Solution: Tukey Pessimistic median mechanism

Figure 7: Relative sub-optimality for the Tukey pessimistic median mechanism
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Ongoing results

1. The optimal (ensemble) policy follows a routing/MoE mechanism

2. Strategic preference reporting: Can agents bias feedback to steer the
policy? Solution: Tukey Pessimistic median mechanism

Figure 7: Relative sub-optimality for the Tukey pessimistic median mechanism

3. Agentic work
ows: Better explainability for black-box model behaviors

4. Preference optimization: Reconcile multi-modal preferences for better
alignment?
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Conclusion

Desiderata: an information-theoretic measure of modern AI models

ˆ By measuring spectral statistics of the loss landscape Hessian, can
explain numerous empirical phenomena related to SFT [JLZ22; ZLJ24],
grokking [ZZL+25a], and more
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interpretability [ZDZ26], RL [ZDY+26], through the Hessian lens

ˆ A new perspective to understand AI models through exciting connections
to random matrix theory, spectral analysis, tail behaviors!

Lab page: https://virtuosoresearch.github.io/. We run an ML
Foundations seminar; Drop me a line if you are in the Northeast region!

Open-source libraries and codes: https://github.com/VirtuosoResearch

ˆ https://github.com/VirtuosoResearch/NNHessian
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